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Channel Shortening by Large Multiantenna
Precoding in OFDM
Renaud-Alexandre Pitaval
Abstract
A channel delay spread larger than the cyclic prefix (CP) creates self-interference (ISI/ICI) in
orthogonal frequency-division multiplexing (OFDM). Recent interests in low-latency application has
motivated usage of shorter OFDM symbols. In turn, one can either downscale the CP at the cost of
interference, or maintain the CP but with increased overhead. To simultaneously maintain low overhead
and interference, this paper studies channel shortening methods exploiting the properties of large multi-
antenna precoding in OFDM. It is shown that ISI/ICI can be asymptotically canceled out by subcarrier-
level precoding with infinite number of antennas. The method, coined time-frequency (TF) precoding,
is based on introducing time-delay selectivity inside conventional frequency-selective precoders in order
to remove undesired delayed signals. This leads to an optimization trade-off in the precoder between
interference mitigation and multi-path combining gain. Time-reversal (TR) filtering, where an OFDM
signal without CP is filtered according to the multi-antenna channels, is considered as a benchmark
since it provides asymptotically the optimal rate, having no CP overhead, and both full interference-
cancellation and maximum muli-path combining gain. Meanwhile, finite-size analysis shows that TF-
precoding converges faster to its asymptotic rate than TR-filtering, so that TF-precoding can outperform
TR-filtering in the high-SNR regime with not-so-large number of antennas.
Index Terms
Channel shortening, large-scale antenna array, OFDM, insufficient CP.
I. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) is to date the dominant air-interface
of wireless communications systems. When combine with a long enough cyclic prefix (CP),
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2OFDM transforms a multi-tap channel in time into multiple orthogonal single-tap subchannels
in frequency. One of the features that made OFDM undefeatable so far by any another wave-
form technology is its simple combination with multiple-antenna systems. Multiple antennas at
transceiver nodes can notably boost the signal-to-noise-ratio (SNR) of transmission links via
precoding gains. For broadband systems, frequency-selective multi-antenna precoding in OFDM
can simply be designed and applied on each subcarrier; a simple combination which has been of
paramount importance in the success of this system. As a result, a large majority of multi-antenna
precoding designs and analyses in the literature is based on a narrowband channel assumption
with analogy to a single subcarrier transmission where the channel is implicitly the Fourier
transform of a channel impulse response (CIR) evaluated at a targeted subcarrier frequency.
It is foreseen that for the next-generation wireless communication networks to enable new
usages, they should not only provide an expected increase of data-rate but also achieve much
lower latencies and higher reliabilities. To satisfy more stringent user latency requirements,
the transmission time duration should be shorten, which can be achieved by consuming more
frequency resources, i.e. larger subcarrier spacing (SCS) in OFDM. Downscaling proportionally
the CP might then increases inter-symbol and inter-carrier interference (ISI/ICI). Alternatively,
the CP time duration can be maintained but at the cost of increased overhead. Toward this
direction, the recent 3GPP 5G NR standard [2] introduces several new OFDM numerologies
with larger SCS than in the 4G LTE [3]: 30 and 60 kHz SCSs are e.g. supported for sub-6GHz
spectrums in addition to the legacy LTE 15 kHz SCS. The normal CP duration is accordingly
downscaled at a constant 7% CP overhead, but these new CP lengths can be shorter than the
delay spreads of some channel models as previously used in 3GPP evaluations. Therefore in
order to cope with this, 5G NR introduced in addition an extended CP for 60 kHz SCS [2],
which however corresponds instead to a high 25% CP overhead.
A key ingredient to boost the data rate of new generation networks is to equip access points
with large antenna arrays. Indeed, precoding gain scales up with the number of antennas unlike
several possible impairments, such as multi-user interference and channel estimation error, which
in turn relatively vanish [4]. Using the same observation, it was shown in [5] that single-carrier
transmission becomes optimal when combine with time-reversal (TR) filtering with infinite
number of antennas. This method could be applied as well to OFDM but would not exploit one of
the main feature for which OFDM has been designed and praised for: equalization and precoding
by multiplications in the frequency-domain rather than by time-convolution; and it has been rather
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3unclear in the literature if multi-antenna precoding in OFDM when conventionally applied at the
subcarrier-level could remove ICI/ISI. First, one can remark that there have been some intuitive
clues supporting this. A by-product of channel hardening in a system as in [4] implies that
the effective precoded channels tends to the same constant for all subcarriers. So, one could
deduce that the frequency-selectivity of the effective channel is vanishing, and by reciprocity,
its time-dispersion is disappearing. However, such observation implicitly assume a system with
a CP longer than the delay spread, and one actually can not properly draw a conclusion on
a potential CP reduction from this observation. In passing, we will formalize and clarify in
Lemma 1 of this paper the asymptotic time-dispersion of such effective channel. Secondly, it is
also intuitively understood that large multi-antenna precoding can produce asymptotically narrow
beam, and when applying directional beamforming to, e.g., a dominant line-of-sight channel, the
transmission should somewhat reduce to a single-tap channel.
In [6], it was observed via simulations and measurements that the delay spread of precoded
channels do not vanish as the number of antenna grows, even for line-of-sight users. In [7], it is
observed by simulations that the CP is still needed with conventional large-antenna precoding, but
could be reduced. A significant clarification was provided in [8] by analytically showing that ISI
and ICI do not vanish for an OFDM transmission without CP when using conventional precoders
with an infinite number of antennas. It was also shown that potential multi-user interference do
not play a role in the SINR saturation resulting from an insufficient CP. This saturation problem
is then circumvented by using instead TR-filtering with OFDM. We also refer the reader to [8]
for a good literature review on the application of TR-filtering in multi-antenna system.
In this paper, it is shown that an appropriately-modified subcarrier-level precoding can nonethe-
less average out the ISI and ICI in OFDM with an insufficient CP as the number of antennas goes
to infinity. To achieve this, we propose a precoding method that exploits the spatial-selectivity
offered by large antenna array to construct multi-antenna precoders which are time-delay selective
in addition to their conventional frequency-selectivity, therefore coined as time-frequency (TF)
precoding. The precoders are based on the Fourier response of a truncated CIR of about the CP
length, and thus combination of only certain channel paths that fall within the supported delay
range. The benefit of the method is shown via asymptotic rate analysis with an infinite number
of antennas. We show that finding a truncation threshold that asymptotically maximize this rate
can lead to an optimization trade-off between interference mitigation and multi-path combining
gain.
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bound, is the equivalent frequency-selective precoding without time-selectivity, for which the
expressions derived for TF-precoding also apply as special cases. The second benchmark is
TR-filtering without CP which is asymptotically optimal and thus provides an upper bound.
Next, asymptotically-tight rate approximations for finite number of antennas are also provided.
These enable to show that TF-precoding converges faster to its asymptotic performance than TR-
filtering. It results that TF-precoding is competitive with TR-filtering with not-so-large number of
antennas and can even outperform TR-filtering in the high-SNR regime. The analysis is further
confirmed by numerical symbol error rate (SER) and throughput evaluation with a finite array
system of 64 and 200 antennas.
In Section II, the OFDM system model with multi-antenna precoding is presented. In Section
III, the alternative system model with TR-filtering is presented. Section IV provides asymptotic
rate analysis with numerical comparisons. Section V provides finite-size rate analysis, while
Section VI provides corresponding link-level simulations. Section VII concludes this paper.
II. PRECODED MULTI-ANTENNA OFDM
We consider a downlink transmission from a base station with Nt antennas transmitting to
a user equipment with a single antenna. Uplink design and analysis are similar. An OFDM
modulation is defined by a subcarrier spacing ∆ f , an inverse fast Fourier transform (IFFT) of
size Nfft, and a CP length Ncp. An OFDM symbol (without CP) has then a time duration of
Ts = 1/∆ f with sampling period Tsp = Ts/Nfft. We consider that a total of Nsc consecutive
subcarriers are allocated by i.i.d. data symbols taken from the same constellation with average
power P.
A. System Model
1) Transmision: The data symbol xb,l for the lth subcarrier of the bth OFDM block is spatially
precoded with wl(τtr) ∈ CNt×1 and modulated as
sb[k] =
1√
Nsc
Nsc−1∑
l=0
wl(τtr)xb,lej2pi
lk
Nfft (1)
for −Ncp ≤ k ≤ (Nfft − 1), and sb[k] = 0 otherwise; Nt is the number of transmitter antennas and
τtr is a parameter in the precoder design that will be defined later.
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s[k] =
∑
b
sb[k − b(Ncp + Nfft)] ∈ CNt×1. (2)
2) Channel: The signal is conveyed to the receiver via a time-domain multi-antenna CIR of
L taps
h[k] =
L−1∑
p=0
hpδk,p (3)
where hp ∈ C1×Nt is the multi-antenna channel path coefficient at delay p (in samples), and δk,p
is the Kronecker delta function. The entries of hp are assumed independently and identically
distributed (i.i.d.) according to the complex normal distribution CN(0,Ep) where Ep is the energy
of the pth tap. Its total energy is written as α2
L
=
∑L−1
p=0 Ep, and its Fourier transform at the ith
subcarrier is
hˆi =
Nfft−1∑
k=0
h[k]e−j2pi
ik
Nfft =
L−1∑
p=0
hpe
−j2pi ip
Nfft . (4)
We will assume that the maximum delay of the channel is less than an OFDM symbol length,
i.e. L ≤ Nfft, and then interference in the demodulated symbol, say s0, is only caused by the
previous block s−1.
3) Reception: The received signal is
r[k] =
L−1∑
m=0
h[m]s[k − m] + z[k] (5)
where z[k] ∼ CN(0, σ2z ) is a zero-mean additive white Gaussian noise (AWGN) with variance σ2z .
After CP removal, the received signal is then demodulated by FFT which gives as a demodulated
symbol on the ith subcarrier
y[i]=
√
Nsc
Nfft
Nfft−1∑
k=0
r[k]e−j2pi
ik
Nfft
=H0,i,iwl x0,i +
Nsc−1∑
l=0
l,i
H0,l,iwl x0,l
︸              ︷︷              ︸
ICI
+
Nsc−1∑
l=0
H−1,l,iwix−1,l
︸                 ︷︷                 ︸
ISI
+n[i] (6)
where n[i] =
√
Nsc
Nfft
∑Nfft−1
k=0
z[k]e−j2pi
ik
Nfft is the post-processed AWGN with variance σ2n =
Nsc
Nfft
σ2z .
The desired signal multi-antenna channel is
H0,i,i =
L−1∑
k=0
c[m]h[m]e−j2pi
im
Nfft , (7)
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H0,l,i =
L−1∑
k=Ncp
c˜l,i[m]h[m]e−j2pi
lm
Nfft , (8)
and the ISI multi-antenna channel coefficient from the lth subcarrier is
H−1,l,i = e
j2pi
lNcp
Nfft
(
δl,ihˆi −H0,l,i
)
, (9)
with the weight functions
c[m] =

Nfft+m
Nfft
−Nfft ≤ m ≤ 0
1 0 ≤ m ≤ Ncp
Nfft−(m−Ncp)
Nfft
Ncp ≤ m ≤ Nfft + Ncp
0 otherwise
, (10)
and for l , i.
c˜l,i[m] =

1−ej2pi
m(l−i)
Nfft
Nfft
(
1−ej2pi
(l−i)
Nfft
) −Nfft ≤ m ≤ 0
e
j2pi
(m−Ncp)(l−i)
Nfft −1
Nfft
(
1−ej2pi
(l−i)
Nfft
) Ncp ≤ m ≤ Nfft + Ncp
0 otherwise
. (11)
In order to write later more compact SINR expressions, we extend this last interference weight
function to the case l = i by
c˜i,i[m] = 1 − c[m]√
2
which will correspond to half the power of the ISI from the demodulated subcarrier on itself.
The simplifications above of the OFDM channels as single sum expressions mainly follows
from classical OFDM derivations, e.g. in [9], [10] where derivation details are carried out for
a causal channel; see also earlier works such as [11]–[13]. Extension of c[m] and c˜l,i[m] to
negative delays are provided above for later use in this paper.
4) SINR and Achievable Rate: Accordingly, the SINR on the ith subcarrier with SNR = P/σ2n
is
SINRi(τtr) =
|H0,i,iwi(τtr)|2
|
(
hˆi −H0,i,i
)
wl(τtr)|2 +
∑Nsc−1
l=0
l,i
2|H0,l,iwl(τtr)|2 + 1/SNR
. (12)
Note that because the channel is causal, we are able in (9) to express the ISI channels directly as
functions of the desired signal channel and ICI channels, which as a result simplifies the SINR
expression and consecutive derivations.
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expressed in [bps/Hz] by
R(SNR; τtr) = Nfft(Nfft + Ncp)Nsc
Nsc−1∑
i=0
log2(1 + SINRi(τtr)). (13)
B. Conventional Frequency-Selective Precoding
Multi-antenna precoding strategies and analyses are conventionally based on the following
type of frequency-flat channel equation
y[i] = hˆiwix0,i + n[i]
which corresponds to a single-subcarrier transmission (6) where the CP is long enough to
absorb the channel dispersion, i.e. L ≤ Ncp. Multi-antenna precoding is thus typically applied at
the subcarrier-level, inherently frequency-selective, and constructed according to the frequency
response of the CIR hˆi. Accordingly, the conventional maximum-ratio-transmission (MRT) pre-
coding is
wi =
1
ωi
hˆ
H
i (14)
where ωi = ‖hˆi‖ and .H is the Hermitian transpose. In this paper, we will simply refer to (14)
as F-precoding.
Since hˆiwi√
Nt
→ αL with Nt → ∞ for all i, the effective channel for any subcarrier is asymp-
totically tending to the same AWGN channel: y[i] ∼ √NtαLx0,i + n[i]. In other words, the
frequency-selectivity of the effective channel is disappearing. It is then tempting to conclude
that this reduces asymptotically to a single-tap channel transmission, and as a consequence, that
the CP becomes unnecessary as Nt → ∞. This is not exactly correct because the time-dispersion
of the effective channel remains inside the CP as Nt → ∞, eventhough it disappears over
the rest of the OFDM block if the CP is sufficient. Defining the single-antenna OFDM signal
s[k] = ∑b sb[k − b(Ncp + Nfft)] with sb[k] = 1√Nsc ∑Nsc−1l=0 xb,lej2pi lkNfft for −Ncp ≤ k ≤ Nfft − 1 and
sb[k] = 0 otherwise, we formalize this observation explicitly in the following whose derivation
details can be found in Appendix A.
Lemma 1. With conventional F-precoding (14), the transmission (5) for the full OFDM block,
−Ncp ≤ k ≤ Nfft − 1, is tending to a time-varying single-antenna two-tap channel, as Nt → ∞,
r[k]√
Nt
→ β
2
k
αL
s[k] + α
2
L
− β2
k
αL
s[k − Nfft] (15)
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k
=
∑min(k+Ncp,L−1)
m=0
Em; which further reduces to a single-tap flat channel only for the
indices L − Ncp ≤ k ≤ Nfft − 1:
r[k]√
Nt
→ αLs[k]. (16)
It follows that with F-precoding, the condition L ≤ Ncp is still required as Nt → ∞ to be able
to demodulate a full OFM symbol without ICI/ISI.
C. Time-Frequency Selective Precoding
A multi-antenna channel behaves asymptotically as a spatial filter as the number of antennas
grows: Only transmitted signals collinear with the channel will have its multiple paths that will
coherently combine at the receiver or otherwise would average out and be totally attenuated.
Following this observation, in order to remove ISI/ICI in the case of an insufficient CP, we
propose to precode only according to a combination of certain channel paths that fall within a
desired delay range. Since
hph
H
p′
Nt
→ 0 if p , p′, the subspace spanned by the channel taps inside
the CP, span{h0, . . . , hNcp}, is asymptotically orthogonal to the subspace spanned by the channel
taps outside the CP, span{hNcp+1, . . . , hL−1}. Therefore, any precoder in span{h0, . . . , hNcp} will
asymptotically cancel out the ISI/ICI in the large antenna regime. This may nevertheless not be
optimal as channel taps with delays larger than the CP also contribute to the useful signal power,
and potentially more than they contribute to the interference power [14]. Indeed, one can remark
the useful channel is a linear combination of all paths {h0, . . . , hL−1} while the interference
channels are only combinations of the paths escaping the CP {hNcp+1, . . . , hL−1}.
Accordingly, we consider the truncated CIR with truncation threshold τtr ≤ L as
h
(τtr)[k] =
τtr−1∑
p=0
hpδk−p, (17)
from which typical frequency-domain precoders can then be constructed according to its frequency-
response
hˆi(τtr) =
Nfft−1∑
k=0
h
(τtr)[n]e−j2pi
ik
Nfft =
τtr−1∑
p=0
hpe
−j2pi ip
Nfft . (18)
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adapted to the truncated channel is therefore
wi(τtr) =
hˆ
H
i
(τtr)
‖hˆi(τtr)‖
(19)
=
1
ωi(τtr)
τtr−1∑
p=0
h
H
p e
j2pi
ip
Nfft (20)
where ωi(τtr) = ‖hˆi(τtr)‖ is the normalization constant. We will simply refer to (19) as TF-
precoding. If τtr = L, the CIR is not truncated and TF-precoding falls back to F-precoding.
We briefly mention a possible direct generalization of this design. One could consider inserting
some window function inside the precoder instead of simply a truncation, which is actually a
rectangular windowing. As revealed by the formulation given in (6), one good choice for such
window function could be for example the bias function c[n] so that precoding would be better
matched to the desired signal channel with insufficient CP. In fact, such design would slightly
improve the performance over the conventional F-precoding in the high-SNR regime, but would
nevertheless still be suboptimal if no truncation is used. As the SNR goes to infinity, we shall see
that the optimal precoding strategy is to totally exclude paths outside the CP in order to guarantee
a total interference cancellation. Also regarding the TF-precoding optimization discussed later,
one can remark that c[n] ≈ 1 for the paths outside but in the vicinity of the CP, and thus the
impact of inserting this windowing inside the precoder would be negligible. Therefore, and for
simplicity of the analysis, we will only focus on incorporating this simple truncation in the
precoder design.
III. TIME-REVERSAL FILTERING
An alternative approach to the pre-IFFT precoding discussed so far is post-IFFT time-reversal
(TR) filtering, as considered e.g. in [8] and similarly in [5] for a single carrier system without
any guard interval. This method is asymptotically optimal when the CP is set to zero and we
will thus use it as a benchmark.
A. Transmission
In this case, the multi-antenna OFDM signal is s˜[m] = [s˜1[m], . . . , s˜Nt[m]]T obtained from a
single OFDM signal without CP, s[m] = ∑b sb[m− bNfft] with sb[m] = 1√Nsc ∑Nsc−1l=0 xb,lej2pi lmNfft for
DRAFT
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0 ≤ m ≤ Nfft − 1 and zero otherwise, passed through a bank of matched-filters, i.e. for antenna
t,
s˜t[m] = (hTRt ∗ s)[m] (21)
where hTRt [n] = h∗t [−n]/ω˜ such that h[n] = [h1[n], · · · , hNt[n]]. The normalization constant is
selected as ω˜2 =
∑L−1
p=0 ‖hp‖2 to satisfy E{xb,l}
[‖s˜[m]‖2] = 1.
The received signal is
r˜[k] =
L−1∑
m=0
h[m]s˜[k − m] + z[k] (22)
= (g ∗ s)[k] + z[k] (23)
where the effective channel is
g[n] =
Nt∑
t=1
(ht ∗ hTRt )[n] =
L∑
m=0
h[m]hH[m − n]/ω˜. (24)
As a result the transmission reduces to a single-antenna OFDM system with non-causal channel
g[n]. Therefore, after demodulation of the samples with indices 0 ≤ k ≤ Nfft−1, the demodulated
signal is a function of the previous and next OFDM blocks
y˜[i] = G0,i,ix0,i +
Nsc−1∑
l=0
l,i
G0,l,ix0,l
︸          ︷︷          ︸
ICI
+
Nsc−1∑
l=0
(G−1,l,ix−1,l + G1,l,ix1,l )
︸                              ︷︷                              ︸
ISI
+n[i]. (25)
The desired signal channel is
G0,i,i =
L−1∑
m=−L+1
c[m]g[m]e−j2pi
im
Nfft , (26)
the ICI channel coefficient from the l , i subcarrier is
G0,l,i =
L−1∑
m=−L+1
c˜l,i[m]g[m]e−j2pi
lm
Nfft , (27)
the ISI channels from the ith subcarrier on itself are
G−1,i,i =
L−1∑
m=0
(1 − c[m])g[m]e−j2pi
im
Nfft , G1,i,i =
0∑
m=−L+1
(1 − c[m])g[m]e−j2pi
im
Nfft , (28)
and the ISI channels from the l , ith subcarriers are
G−1,l,i = −
L−1∑
m=0
c˜l,i[m]g[m]e−j2pi
lm
Nfft , G1,l,i = −
0∑
m=−L+1
c˜l,i[m]g[m]e−j2pi
lm
Nfft , (29)
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where c[m] and c˜l,i are given in (10) and (11) with Ncp = 0.
Accordingly, the SINR on the ith subcarrier is
SINRi = |G0,i,i |2∑Nsc−1
l=0
l,i
|G0,l,i |2 +
∑Nsc−1
l=0
(|G−1,l,i |2 + |G1,l,i |2) + 1/SNR, (30)
and the corresponding transmission rate is
R˜(SNR) = 1
Nsc
Nsc−1∑
i=0
log2(1 + SINRi). (31)
B. Relationship and Differences between TR-filtering and TF-Precoding
TR-filtering and TF-precoding are partially connected by Fourier transforms of each other. In
general, implementations of post-IFFT filtering or pre-IFFT precoding are equivalent but only for
the output samples which do not have any OFDM symbol overlap at the filter’s input [16]. This
would be the case here between TR-filtering and TF-precoding if one ignores the normalization
constants. In fact, part of the transmitted signal of TF-precoding if τtr ≤ Ncp could equivalently
be obtained by a form of TR-filtering with a CP where the filters would be truncated versions of
the {hTRt }. The prefixes in these two implementations would however still differ. The filtered-CP
would depend on the previous OFDM block, i.e. the CP after filtering is not a cyclic extension
anymore, while by construction the CP with TF-precoding is. Also, TR-filtering like any filtering
inherently creates a tail on the transmitted signal, increasing the transmission time and thus
overhead. A potential benefit is that, some, but uncontrolled, out-of-band reduction could be
obtained.
Moreover, normalization techniques are different for the two methods. In TF-precoding, each
subcarrier can be individually normalized, while in TR-filtering the normalization is only on the
overall signal and thus the same for all subcarriers. It results that TR-filtering will modify the
signal spectrum according to the channel spectrum and thus will increase in-band fluctuation. This
feature may not be desirable in most practical systems which typically have in-band distortion
constraints via error-vector magnitude (EVM) [17] or spectral flatness [18] requirements.
IV. ASYMPTOTIC RATE ANALYSIS
We will focus on the asymptotic regime Nt → ∞ with SNR → 0 such that the operational
SNR, SNRop = NtSNR, is fixed. A similar asymptotic regime is considered e.g. in [19] for
energy efficiency. The motivation for this regime here is more related to performance under
DRAFT
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a fixed quality of service with a finite-size symbol constellation such as quadrature amplitude
modulation (QAM). Indeed with a fixed constellation size, the SNR needed to reach e.g. a
certain SER level is shifting in the low SNR-regime with the precoding gain 10 log10 Nt [dB] as
Nt increases. Moreover, since we investigate interference mitigation methods, we will primarily
focus on relatively high-SNR regimes (i.e. SNRop high) in which interference is the limiting
factor.
A. Asymptotic Rate of TF-Precoding
We have the following result whose derivation details are in Appendix B.
Proposition 1. With TF-precoding (19), the SINR defined in (12) is tending to
SINR∞i (τtr) =
(∑τtr−1
p=0
c[p]Ep
)2
∑Nsc−1
l=0
2
∑τtr−1p=Ncp+1 c˜l,i[p]Ep2 + α2τtrSNR−1op (32)
as Nt →∞ with SNRop = NtSNR > 0 fixed.
The corresponding asymptotic rate is
R∞(SNRop; τtr) = Nfft(Nfft + Ncp)Nsc
Nsc−1∑
i=0
log2(1 + SINR∞i (τtr)). (33)
The special case τtr = L gives the asymptotic rate of the conventional F-precoding (14).
The asymptotic form SINR∞i (τtr) is dependent of the subcarrier index i. This is because not all
subcarriers in the IFFT are occupied, and as a result, subcarriers in the middle of the band receive
more interference from neighboring subcarriers, and as a consequence have a lower SINR than the
edge subcarriers. If all subcarrier are occupied (Nsc = Nfft), without cyclic prefix (Ncp = 0), and
without time-selectivity in the precoder (τtr = L), we recover the expression derived in [8]. Here
however, unlike with conventional F-precoding, we observed that with an appropriate truncation
threshold in the precoder design, the system is not necessarily interference-limited.
Corollary 1. If τtr ≤ Ncp + 1 then SINR∞i (τtr) = α2τtrSNRop, i.e., ISI and ICI vanish as Nt → ∞.
Meanwhile, the term α2τtr represents a loss factor compared to the maximum possible received
SNR, α2
L
SNRop, with full multipath combining gain. A threshold larger than the CP might thus
increase the SINRs, and as a result a trade-off appears between interference mitigation and
multipath combining gain for rate maximization.
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B. Asymptotic Rate of TR-Filtering
TR-filering asymptotically provides the maximum possible received SNR. With h[m]hH[p]/Nt →
Emδm,p as Nt → ∞, we verified that ω˜/
√
Nt → αL and the effective channel of TR-filtering is
asymptotically tending to a frequency flat channel, g[n]/√Nt → αLδn. So, independently of
the fact that the transmitted signal is an OFDM one, it directly follows that the SINR of such
transmission is asymptotically tending toSINRi → α2LSNRop (34)
as Nt → ∞. Since there is no CP in this case, this asymptotically leads to the optimal rate
R˜∞(SNRop) = log2(1 + α2LSNRop). (35)
Compared to TF-precoding, TR-filtering in the asymptotic regime neither suffers of interference
nor of rate reduction by CP, and thus provides an ultimate performance upper bound.
C. Optimization and Comparison
We now numerically optimize the precoder for the standard Extended Typical Urban (ETU)
channel model, and considering the realistic parameters of Nsc = 600 subcarriers separated by
∆ f = 60 kHz, Nfft = 2048, and a normal CP of Ncp = 144 ≈ 7%Nfft. We consider that the
CP length is a semi-static system parameter which cannot be changed as dynamically as the
precoders, and so we consider a precoder optimization given a CP length. In addition, if CP
adaptation is possible, it is likely to be from a look-up table with limited values so that it can be
efficiently signaled. We therefore limit the numerical analysis to the CP lengths available in 5G
NR [2]. For TR-filtering, we consider instead a signal without CP because such design provides
the asymptotically optimal performance for any channel, and thus an interesting benchmark.
1) Optimization of TF-precoding in the Large-Scale Array Regime: We investigate here the
optimal truncation threshold of TF precoding at a given SNRop. For each channel realization,
one could search for a threshold in the precoding design (19) that maximizes the rate (13) as
τmax(SNR) = argmaxτtr R(SNR; τtr). This optimization can be simplified in the asymptotic regime
and based on the average properties of the channel, so we instead search forthe threshold that
maximizes the asymptotic achievable rate (33) as
τ∞max(SNRop) = argmax
τtr
R∞(SNRop; τtr). (36)
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Fig. 1. Asymptotic (Nt → ∞) achievable rate of TF-precoding (33) as a function of the truncation threshold τtr. Top: ETU
channel’s PDP; Bottom: Asymptotic rate R∞(SNRop; τtr). The vertical dashed line indicates the CP length.
This asymptotic optimization only depends of the system parameters, the operational SNR,
and the average channel energy of the taps (which can be approximated from a single channel
acquisition in the large antenna regime as ‖hp‖2/Nt → Ep with Nt → ∞). The optimum
threshold, which may not be unique, can be found by exhaustive search. The search only needs
to be started from ττtr = Ncp+1 as any threshold inside the CP would be suboptimal. Then as ττtr
increased, the rate expression will only change when a non-zero channel tap is included in the
precoder, and thus the size of the search follows from the number of non-zero taps rather than
time samples. As SNRop → 0, the interference term becomes negligible in (32) and τ∞max → L.
On the other hand as SNRop → ∞ the interference dominates and τ∞max → Ncp + 1.
The normalized power delay profile (PDP) of the ETU channel is displayed on the upper
part of Fig. 1. As it can be seen, with a 60 kHz SCS and a normal CP length, 3 channel taps
are escaping the CP. The lower part of Fig. 1 shows the asymptotic rate (33) of the proposed
TF-precoding as a function of the truncation threshold τtr and for different operational SNRs.
For each SNR, the smallest threshold value maximizing the rate is indicated by a ∗-symbol. In
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Fig. 2. Optimized asymptotic rate R∞(SNRop; τ∞max(SNRop)) of TF-precoding compared to F-precoding with normal and extended
CP, and TR-filtering.
the high-SNR regime, SNRop & 25 dB, one verifies that the rate is maximized by precoding only
according to the channel paths inside the CP and thus here τ∞max = Ncp + 1 maximizes the rate.
For SNRop = 20 and 15 dB, the rate is maximized with a Ncp + 1 < τ
∞
max < L, selecting some,
but not all, paths outside the CP. One can observed that selection of the optimum truncation
threshold has only a significant impact on the rate in the high-SNR regime.
Similar results and conclusions can be found in [1] for the TDL-C channel [20], which is
a refinement of the ETU channel. This channel model has a tunable delay scaling selected
therein to 2 µs, i.e. twice larger than the maximum recommended value in [20], in order to
better highlight the trade-off between interference cancellation and multipath-combining gain in
the precoder design. In general, this trade-off is exacerbated if some strong channel paths are
arriving shortly after the end of the CP. Such scenario would equivalently occur for a TDL-C
channel with 1 µ and a twice larger SCS of 120 kHz.
2) Rate Comparison: In Fig. 2, we compare the rate of TF-precoding, F-precoding, and TR-
filtering according to the expressions (33) and (35). The channel and system parameters are the
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same than before, except that we also consider an extended CP of Ncp = 512 = 25%Nfft as defined
in [2]. For TF-precoding, the truncation threshold is selected as τ∞max(≤ 10dB) = L, τ∞max(15dB) =
284, τ∞max(20dB) = 198 and τ∞max(≥ 25dB) = Ncp + 1, following the optimization above. As
expected, TF-precoding always outperforms F-precoding and provides notable improvements in
the high-SNR region where F-precoding is interference-limited. Using an extended CP with F-
precoding converts interference to useful power and thus improve the SINR in the high-SNR
regime. However, this solution imposes a high rate penalty since a large proportion of the
transmission-time is only used for CP. TF-precoding does not have this increased rate penalty
while is also able to remove or mitigate interference. TR-filtering, having neither a rate penalty
from CP nor interference, provides indeed an upper bound on the achievable rate.
V. FINITE-SIZE RATE ANALYSIS
This section provides average rate approximations for finite number of antennas. It will show
that TF-precoding converges faster to its asymptotic rate than TR-filtering, providing analytical
support to the link-level simulation results in Section VI.
A. Approximated Rate Expressions
To get a simple but instructive analysis, we follow a similar methodology than in [21]. The
average rate can be written in the form of E
[
log2
(
1 + SI+SNR−1
)]
. In this expression, the signal
and interference power tend to deterministic values as 1
Nt
S → KS and 1NtI → KI where
0 ≤ KI, KS < ∞, c.f. the proof of Prop. 1. So with Var
[
1
Nt
S
]
→ 0 and Var
[
1
Nt
I
]
→ 0,
we can approximate 1
Nt
S ≈ 1
Nt
E [S] → KS , 1NtI ≈
1
Nt
E [I] → KI . With SNRop < ∞, the SINR
is then well approximated by SI+SNR−1 =
1
Nt
S
1
Nt
I+(NtSNR)−1 ≈
1
Nt
E[S]
1
Nt
E[I]+SNR−1op
, from which follows the
rate approximation
E
[
log2
(
1 +
S
I + SNR−1
)]
≈ log2
(
1 +
E [S]
E [I] + SNR−1
)
(37)
→ log2
(
1 +
KS
KI + SNR−1op
)
. (38)
Note that if, e.g. with some τtr > Ncp, the interference power does not vanish as Nt → ∞ then
this rate approximation is also well-defined for any SNR regime, without requiring NtSNR →
SNRop < ∞.
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We use a similar argument to also separately average the precoder normalization in the SINR
expression; from a system point of view this corresponds to approximate the downlink and
uplink performance to be the same, which is asymptotically the case. We also remark that an
average-signal-power to average-interference-power-plus-noise ratio as in (37) has often been
used in the literature as a practical OFDM design parameter, see e.g. [13], [14], [22].
1) TF-precoding: It follows, see details in Appendix C-A, that the average rate of TF-
precoding is asymptotically approximated as
E
[
R(SNRop; τtr)
] ≈ Nfft(Nfft + Ncp)Nsc Nsc−1∑
i=0
log2(1 + Γi(τtr)) (39)
where
Γi(τtr) =
Nt
(∑τtr−1
p=0
c[p]Ep
)2
+ α2τtr
∑L−1
m=0 c[m]2Em∑Nsc−1
l=0
2
(
Nt
∑τtr−1p=Ncp+1 c˜l,i[p]Ep2 + α2τtr ∑L−1m=Ncp+1 |c˜l,i[m]|2Em) + Ntα2τtrSNR−1op . (40)
One can easily verified that Γi(τtr) → SINR∞i (τtr) and so this provides indeed a tight approxi-
mation as Nt →∞.
2) TR-filtering: With similar derivations, see Appendix C-B, the average rate of TR-filtering
is asymptotically approximated as
E
[
R˜(SNRop)
] ≈ 1
Nsc
Nsc−1∑
i=0
log2(1 + Γ˜i) (41)
where
Γ˜i =
Ntα
4
L
+
∑L−1
m=−L+1 c[m]2ρm∑Nsc−1
l=0
∑L−1
m=−L+1 2|c˜l,i[m]|2ρm + Ntα2LSNR−1op
(42)
with ρm =
∑L−1
n=0 EnEn−m. It can also be verified that Γ˜i → SINR∞i and so it is indeed a tight
approximation as Nt → ∞.
In the special case that all subcarriers are occupied (Nsc = Nfft), the expression further
simplifies to
Γ˜i =
Ntα
4
L
+
∑L−1
m=−L+1 c[m]2ρm∑L−1
m=−L+1(1 − c[m]2)ρm + Ntα2LSNR−1op
. (43)
This last expression with αL = 1 matches the expression in [8].
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Fig. 3. Comparison of the rate approximations (39) and (41) to simulated averages of (13) and (31), respectively, as well as
their asymptotes (33) and (35). The channel has an exponential-decaying PDP here.
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Fig. 4. Average rate comparison between TF-precoding and TR-filtering in ETU channel as a function of the number of antennas.
B. Verification and Comparison
Using some small parameter values, Nfft = 32, Nsc = 12, Ncp = 2 and a fixed τtr = 4, we
verify in Fig. 3 the derived rate approximations (39) and (41) from Nt = 10 to 200 compared
to the simulated Monte-Carlo averages of (13) and (31), as well as their convergences to the
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Fig. 5. Average rate comparison of TF-precoding, F-precoding, and TR-filtering with 64 antennas and ETU channel.
asymptotic rates (33) and (31). Also for the purpose of verification, we use in this case a
synthetically exponential-decaying PDP given by Ep = e
−p for p = 0, ...,Nfft − 1, so that the
energy of all channel taps is non-zero for any possible delays. The approximations match well
the simulations even with a small number of antennas. For both cases, it can be verified that the
rate approximations tend to underestimate/overestimate the rate for some low/high SNRop, such
that these approximations are neither upper nor lower bounds. Given the same SNRop on Fig. 3,
we see here that the approximations of TF-precoding is slightly above the simulations, while it
is the contrary for TR-filtering. Nevertheless, it can be observed that TF-precoding converges
faster to its asymptote than TR-filtering. The TF-precoding rate curves start at Nt = 10 with
already more than 90% of the asymptote (≈ 97, 95 and 92% at SNRop = 25, 30 and 35 dB,
respectively), while TR-filtering reaches 90% of the asymptotic rate only at Nt ≈ 15, 35 and 85
for SNRop = 25, 30 and 35 dB, respectively
Similar curves are displayed on Fig. 4 but for the more realistic scenario of Fig. 2 discussed
previously, i.e., Nsc = 600, Nfft = 2048 and Ncp = 144 with ETU channel. Additionally in this
case, the truncation threshold in TF-precoding is adapted to the SNR according to the asymptotic
optimization of the previous section. Because the TF-precoding design still benefit of a CP, it
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has to deal with less interference than TR-filtering. As result, the rate for very small number of
antennas is higher with TF-precoding than TR-filtering. It follows that in the high-SNR regime,
TF-precoding can outperform TR-filtering for not-so-large antenna arrays. The two curves cross
at Nt ≈ 20, 50, 120 and 310, for SNRop = 25, 30, 35 and 40 dB respectively.
In Fig. 5, the average rates as a function of SNRop with 64 antennas are compared for TF-
precoding, F-precoding with normal/extended CP, and TR-filtering. Other system parameters
and channel are as in Fig. 2. Compared to the asymptotic case, TF-precoding and TR-filtering
are now both interference-limited, but still outperform F-precoding with normal or extended
CP. TF-precoding notably maintains relatively similar gains over F-precoding. TF-precoding and
TR-filtering have now more comparable performance. TR-filtering provides slightly better rate
than TF-precoding in the low and middle SNR range, after which in the high-SNR regime,
TF-precoding starts to perform the best since it is less interference-limited.
VI. LINK-LEVEL SIMULATIONS
In this last section, we compare the different designs by SER and throughput link-level
simulations with finite arrays of Nt = 64 and 200 antennas. As before, we consider the ETU
channel model with Nsc = 600 subcarriers separated by ∆ f = 60 kHz, Nfft = 2048, and
Ncp = 144 = 7%Nfft. An extended CP, Ncp = 512 = 25%Nfft, is also considered for F-precoding,
while TR-filtering does not have a CP.
We considere the transmission of 4, 16 and 64 QAM symbols. Block-fading Rayleigh chan-
nels are assumed with independent realizations every subframe of 14 OFDM blocks. Received
symbols are equalized according to their effective channels given in (6) and (25), i.e. H0,i,iwi
and G0,i,i. We remark that if the effective channels would be instead assumed to be from the
Fourier transform of the CIRs as it is the case with a sufficient CP, this would translate into a
slight performance degradation, mainly for TR-filtering. The received symbols are then detected
by maximum-likelihood decoding.
For TF-precoding, a unique truncation threshold per constellation is used following the opti-
mization of Section IV. Since the regime of convergence of a finite constellation is a rather small
SNR region, the optimization can indeed be performed only for a unique SNR value where e.g.
the constellation is expected to reach a sufficiently-low error rate. We selected τtr = 284, 198,
and Ncp +1, for 4, 16 and 64 QAM, respectively, targeting a good performance in the 10
−3-10−4
SER region.
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Fig. 6. Link level simulations in ETU channel. Upper and lower parts are SERs and throughputs, respectively. Left and right
parts are with 64 and 200 transmitter antennas, respectively.
1) SER: SERs are shown on the upper part of Fig. 6. F-precoding with an extended CP
performs the best since it includes almost all the channel paths in its CP and thus does not
suffer of interference. On the contrary, the performance of F-precoding with a normal CP is
notably degraded with 64 QAM. In this case, TF-precoding can provide a subsequent SNR gain
from F-precoding while maintaining a normal CP. TR-filtering is reaching an error floor in all
cases. This error floor is more significant with larger constellation size and smaller number of
antennas. The performance of all schemes improves with a larger number of antennas, but only
marginally for F-precoding with an extended CP since it barely has any ISI/ICI.
2) Throughput: The SER comparison does not balance with the fact that the schemes have
different CP lengths and thus operate at different rates. To have a fairer comparison, the lower
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part of Fig. 6 displays the throughput of each designs. The throughput is numerically obtained
from the same simulations as
T = log2(Q)
Nfft
Nfft + Ncp
(1 − BLER) (44)
where Q is the modulation order and BLER is the simulated OFDM block error probability,
i.e. the probability of decoding correctly all the Nsc = 600 constellation symbols in an OFDM
block. The throughput is upper bounded by
Nfft
Nfft+Ncp
log2(Q) which is reached for a sufficiently
high SNR, conditioned there are no SER error floor. More precisely, the maximum throughput is
log2(Q), 0.93 log2(Q) and 0.8 log2(Q), with zero CP, normal CP, and extended CP, respectively.
As it can be seen from the figures, when the throughput converges to its maximum, the
extension of the CP for F-precoding does incur a high rate loss; but it also provides a subsequent
gain compared to a normal CP with 64QAM for a large SNR region, justifying its design.
Meanwhile, TF-precoding provides a much higher rate with 64QAM since it maintains the CP
length while also mitigates the interference. TR-filtering performs the best with Nt = 64 and
4QAM, and Nt = 200 and 4QAM and 16QAM, by reaching the maximum rate of log2(Q) without
CP overhead. Even though TR-filtering could potentially converge to a higher maximum with
64QAM, its SER floor is too high to provide a satisfactory performance with Nt = 64, and starts
only to perform similarly to TF-precoding with Nt = 200.
VII. CONCLUSIONS
We proposed a novel time-frequency selective multi-antenna precoding for OFDM system with
insufficient CP. The method is based on a truncation of the channel impulse response in order to
reduce the time dispersion of the effective precoded channel. An optimum threshold in the high-
SNR regime is set equal to the CP length in order to achieve an interference-free transmission
as the number of antennas goes to infinity. In a medium SNR regime, an optimized threshold
not necessarily equal to the CP might further increase the system performance by accumulating
more multi-path energy at the cost of limited interference. This design, while preserving the
conventional freqeuncy-domain precoding structure in OFDM, is asymptotically suboptimal to
time-reversal filtering techniques, that can accumulate all path energy and asymptotically convert
it to a zero-delay channel, therefore removing the necessity of a CP. It is nevertheless shown that
time-frequency selective precoding, which is still exploiting the benefit of a CP to deal with less
interference, is converging faster to its asymptotic performance and as a result is competitive
with time-reversal filtering for not-so-large array system.
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APPENDIX A
PROOFS OF LEMMA 1
By direct expansion of s and wl , we get
r[k] = 1√
Nsc
k+Ncp∑
m=0
Nsc−1∑
l=0
L−1∑
p=0
h[m]hH[p]
ωl
x0,le
j2pi
l(k−m+p)
Nfft
+
1√
Nsc
L−1∑
m=k+Ncp+1
Nsc−1∑
l=0
L−1∑
p=0
h[m]hH[p]
ωl
x−1,le
j2pi
l(k−m+p+Nfft+Ncp)
Nfft + z[k]. (45)
Since
h[m]hH[p]
Nt
→ Emδm,p as Nt → ∞, we similarly get h[m]h
H[p]√
Ntωl
→ Em
αL
δm,p and
r[k]√
Nt
→ 1√
Nsc
Nsc−1∑
l=0
min(k+Ncp,L−1)∑
m=0
Em
αL
x0,le
j2pi lk
Nfft +
1√
Nsc
Nsc−1∑
l=0
L−1∑
m=k+Ncp+1
Em
αL
x−1,le
j2pi
l(k+Ncp+Nfft)
Nfft
=
β2
k
αL
s0[k] +
α2
L
− β2
k
αL
1√
Nsc
Nsc−1∑
l=0
x−1,le
j2pi
l(k+Ncp)
Nfft . (46)
For −Ncp ≤ k < Nfft − Ncp, one has 1√
Nsc
∑Nsc−1
l=0
x−1,le
j2pi
l(k+Ncp)
Nfft = s−1[k + Ncp] , otherwise if
Nfft − Ncp ≤ k ≤ Nfft − 1 then (α2L − β2k) = 0 as L ≤ Nfft, so we can write in general for
−Ncp ≤ k ≤ Nfft − 1
r[k]√
Nt
→ β
2
k
αL
s0[k] +
α2
L
− β2
k
αL
s−1[k + Ncp] (47)
=
β2
k
αL
s[k] + α
2
L
− β2
k
αL
s[k − Nfft]. (48)
In the case L − Ncp ≤ k ≤ Nfft − 1, we have βk = αL.
APPENDIX B
PROOF OF PROPOSITION 1
From
ωl(τtr)√
Nt
→ ατtr and then h[m]h
H[p]√
Ntωl(τtr)
→ Em
ατtr
δm,p, it is a direct verification that
H0,i,iwi(τtr)√
Nt
=
L−1∑
m=0
τtr−1∑
p=0
c[m]h[m]h[p]
H
√
Ntωi(τtr)
e
−j2pi i(m−p)
Nfft (49)
→ 1
ατtr
τtr−1∑
p=0
c[p]Ep, (50)
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H0,l,iwl(τtr)√
Nt
=
L−1∑
m=Ncp+1
τtr−1∑
p=0
c˜l,i[m]h[m]h[p]
H
√
Ntωl(τtr)
e
−j2pi l(m−p)
Nfft (51)
→ 1
ατtr
τtr−1∑
p=Ncp+1
c˜l,i[p]Ep, (52)
and
(hˆi −H0,i,i)wi(τtr)√
Nt
=
L−1∑
m=Ncp+1
τtr−1∑
p=0
(1 − c[m])h[m]h[p]
H
√
Ntωi(τtr)
e
−j2pi i(m−p)
Nfft (53)
→ 1
ατtr
τtr−1∑
p=Ncp+1
(1 − c[p])Ep, (54)
then the SINR expression follows directly by inserting the above expressions in (12).
APPENDIX C
DERIVATION DETAILS OF THE FINITE-SIZE APPROXIMATIONS
A. TF-Precoding
As discussed in Section V. A., since the numerator and denominator in the SINR both scaled
by 1/Nt are tending to finite deterministic values, we can approximate the SINR by the ratio of
the averages as
SINRi ≈
E
[|H0,i,iwi(τtr)|2]
E
[
|
(
hˆi −H0,i,i
)
wi(τtr)|2
]
+
∑Nsc−1
l=0
l,i
2E
[|H0,l,iwl(τtr)|2] + 1/SNR . (55)
Let us write the precoders without normalization by vi(τtr) = hˆHi (τtr) such that wi(τtr) = vi(τtr)‖vi(τtr)‖ .
A simple modification of the proof of Prop. 1 shows that
H0,i,ivi(τtr)
Nt
and
‖vi(τtr)‖√
Nt
tends to finite
and non-zero deterministic values as Nt becomes large, so we can approximate their ratio by the
ratio of their average values as
E
[|H0,i,iwi(τtr)|2]
Nt
= E
[
|H0,i,ivi(τtr)|2
N2t
· Nt‖vi(τtr)‖2
]
(56)
≈ E
[|H0,i,ivi(τtr)|2]
N2t
· Nt
E
[‖vi(τtr)‖2] (57)
=
E
[|H0,i,ivi(τtr)|2]
NtE
[‖vi(τtr)‖2] (58)
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We similarly approximate
E[|(hˆi−H0,i,i)wl(τtr)|2]
Nt
≈ E[|(hˆi−H0,i,i)vl(τtr)|
2]
NtE[‖vl(τtr)‖2] and
E[|H0,l,iwl(τtr)|2]
Nt
≈ E[|H0,l,ivl(τtr)|
2]
NtE[‖vl(τtr)‖2] ,
so that the SINR is further approximated as
SINRi ≈
E[|H0,i,ivi(τtr)|2]
E[‖vi(τtr)‖2]
E[|(hˆi−H0,i,i)vi(τtr)|2]
E[‖vi(τtr)‖2] +
∑Nsc−1
l=0
l,i
2
E[|H0,l,ivl(τtr)|2]
E[‖vl(τtr)‖2] + 1/SNR
(59)
= Γi(τtr). (60)
Now, only four simple expectations in this expression need to be computed. First, it is easy
to verify that E
[‖vi(τtr)‖2] = Ntα2τtr which is independent of i. Then, after expansion we obtain
E
[|H0,i,ivi(τtr)|2] = L−1∑
m=0
τtr−1∑
p=0
L−1∑
m′=0
τtr−1∑
p′=0
c[m]c[m′]E [h[m]hH[p]hH[m′]h[p′]] e−j2pi i(m−p−m′+p′)Nfft . (61)
For a given (m, p), there are only three cases where E [h[m]hH[p]hH[m′]h[p′]] , 0:
• if m = p, m′ , m, p′ = m′, then E
[‖h[m]‖2‖h[m′]‖2] = N2t EmEm′,
• if m = p = m = m′, then using [21, Lem. 1] E
[‖h[m]‖4] = (N2t + Nt)E2m ,
• if m , p, m′ = m, p′ = p, then E
[|h[m]hH[p]|2] = NtEmEp.
From which we get
E
[|H0,i,ivi(τtr)|2] = N2t τtr−1∑
m=0
τtr−1∑
m′=0
m′,m
c[m]c[m′]EmEm′
+(N2t + Nt)
τtr−1∑
m=0
c[m]2E2m + Nt
L−1∑
m=0
τtr−1∑
p=0
p,m
c[m]2EmEp
= N2t
(
τtr−1∑
m=0
c[m]Em
)2
+ Nt
©­­­«
τtr−1∑
p=0
c[p]2E2p +
L−1∑
m=0
τtr−1∑
p=0
p,m
c[m]2EmEp
ª®®®¬
= N2t
(
τtr−1∑
m=0
c[m]Em
)2
+ Nt
©­«
τtr−1∑
p=0
E2p
ª®¬
(
L−1∑
m=0
c[m]2Em
)
= N2t
(
τtr−1∑
m=0
c[m]Em
)2
+ Ntα
2
τtr
L−1∑
m=0
c[m]2Em (62)
Similarly, we obtain
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E
[|H0,l,ivi(τtr)|2] = N2t

τtr−1∑
m=Ncp+1
c˜l,i[m]Em

2
+ Ntα
2
τtr
L−1∑
m=Ncp+1
|c˜l,i[m]|2Em (63)
and
E
[
|
(
hˆi −H0,i,i
)
vl(τtr)|2
]
= N2t
©­«
τtr−1∑
m=Ncp+1
(1 − c[m])Emª®¬
2
+ Ntα
2
τtr
L−1∑
m=Ncp+1
(1 − c[m])2. (64)
B. TR-filtering
Since the filtering normalization ω˜ is the same inside all terms of (30), we can rewrite it as
SINRi = 1N2t S˜
1
N2t
I˜ + |ω˜|2
Nt
SNR−1op
(65)
with S˜ = |G˜0,i,i |2 and I˜ =
∑Nsc−1
l=0
l,i
|G˜0,l,i |2 +
∑Nsc−1
l=0
(|G˜−1,l,i |2 + |G˜1,l,i |2) where G˜b,l,i = ω˜Gb,l,i are
equivalently expressible as in (26)–(29) but for the unnormalized channel g˜[n] = ∑Lm=0 h[m]hH[m−
n] instead of g[n]. It can be verified that each terms in (65) tends to finite values as Nt → ∞
and so SINRi ≈ E [S˜]
E
[I˜] + NtE [|ω˜ |2] SNR−1op (66)
First we have E
[|ω˜ |2] = Ntα2L. Then, defining the average channel power E˜m = E [g˜[m]], and
using similar identities than in the averaging of (61), we find
E˜m = Nt
(
L−1∑
n=0
EnEn−m + Ntα4Lδm
)
. (67)
From (26)–(29), we have
E
[S˜] = L−1∑
m=−L+1
c[m]2E˜m (68)
and
E
[I˜] = L−1∑
m=−L+1
©­­«(1 − c[m])2 +
Nsc−1∑
l=0
l,i
2|c˜l,i[m]|2
ª®®¬ E˜m (69)
=
L−1∑
m=−L+1
(
Nsc−1∑
l=0
2|c˜l,i[m]|2
)
E˜m. (70)
It follows that the SINR is approximated as
SINRi ≈ ∑L−1m=−L+1 c[m]2E˜m∑L−1
m=−L+1
(∑Nsc−1
l=0
2|c˜l,i[m]|2
)
E˜m + N
2
t α
2
L
SNR−1op
(71)
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which simplifies to (42) by defining ρm =
∑L−1
n=0 EnEn−m.
Special case Nsc = Nfft: the following identity can be verified by expansion
Nsc−1∑
l=0
l,i
2|c˜l,i[m]|2 = c[m] − c[m]2, (72)
and in this case we have the simplification of (69) to
E
[I˜] = L−1∑
m=−L+1
(1 − c[m]2)E˜m. (73)
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